Abstract
This paper empirically investigates the effects of a particular type of illiquidity on asset finding the average illiquidity discount is around 77%, and the transaction of restricted shares slightly decreases the price of otherwise identical freely-traded shares, by 0.61%. We build an empirical model to study how the discounts vary with firmspecific and transaction-specific variables finding that illiquidity discounts are positively related to the length of trading constraints, and volatility. In the end, we make a comparison of discounts from empirical and theoretical models (Longstaff 1995 and 2001) and propose some explanations for the difference between them.
Illiquidity and Trading Constraints
The concepts liquidity and illiquidity refer to the degree of ease and certainty with which assets can be converted into cash. There are extensive bodies of literature studying the illiquidity issue. Early studies studies defined illiquidity in terms of bidask spread and transaction costs. Examples include Glosten and Milgrom (1985) , Amihud and Mendelson (1986) Constantinides (1986) , Easley and O' Hara (1987) , Glosten (1987) , Glosten and Harris (1998) , Stoll (1989) , Davis and Norman (1990) , Grossman and Laroque (1990) , Dumas and Luciano (1991) , Jouini and Kallal (1998), etc . Under this definition of illiquidity, an investor can still trade unlimited amounts whenever desired, albeit at some cost.
There is a more extreme case of illiquidity which we focus on in this paper. Due to some imposed contractual or legal constraints, certain shares are forbidden from trading for an extended period which may last for years, and may be of indefinite duration. The period of constraint duration is known as the constraint horizon. There are many important classes of assets restricted by such trading constraints. For example, in an IPO (Initial Public Offering), the purchaser gets the shares at a discount, but is not allowed to resell them immediately. Initial dominant shareholder sometime also promises not selling any shares in a certain period right after IPO.A CEO often receives stock as part of a compensation package, but he/she is usually not allowed to trade it very soon. In America, traded shares that are not registered in SEC (Securities and Exchange Commission) are not allowed to be resold within a two-year constraint horizon. "Letter stock" is a typical example used in past study of illiquid assets. The biggest scale of restricted shares in the world may be the restricted shares in China Stock Market, where more than two thirds of all shares are restricted from free trading.
Empirical evidence suggests that restricted assets, or assets showing illiquidity characteristics, are often valued at a large discount to comparable freely-traded assets.
Discounts discussed in those studies are defined on the price differences between the price of freely-traded shares and price of restricted shares, expressed as percentages of the former. By summarising the evidence from eight different studies of restricted stock, spanning the 1966 to 1984 period, Pratt (1989) found the mean and median percentage discount range from 25.8% to 45.0%. This is consistent with a later study by Silber (1991) , whose empirical results show that restricted stocks are sold at an average price discount of 33.75 percent, in a range from 12.7 percent to 84 percent and the amount of the discount varies with the firm and the issue characteristics.
Brenner, Eldor and Hauser (2001) are the first group of researchers to focus on the restricted options. They empirically examined the effect of trading constraints on option values rather than on its bid-ask spread by comparing the prices of restricted bank-issued option and freely-traded exchange-traded option in Israeli currency market. They document a 21% gap between the price of freely-traded options and restricted options on the exchange rate, and find that the difference cannot be arbitraged away, due to transactions costs and the risk that the exchange rate will change during the bidding process.
The results from theoretical studies are consistent with those findings. In early theoretical research, Mayers (1972 Mayers ( ,1973 and Brito (1977) shows that illiquidity discounts can occur in equilibrium models, and the size of the discount depends (inversely) on how closely the optimal portfolio strategy for an investor approximates the buy-and-hold. Longstaff (1995) derived analytical expressions for the upper bound of by using option-pricing theory. Longstaff (2001) investigated the influence of trading constraints on optimal portfolio choice and illiquidity discount of a portfolio with restricted shares and riskless asset relative to freely-traded shares with riskless asset.
Most recently Longstaff (2006) found in one equilibrium model that the existence of trading constraints affects not only the price of restricted assets, but also the price of freely-trade assets. Under liquidity constraints, the freely-traded share is priced at a premium, and restricted share is priced at a discount, relative to the intrinsic value which is identical to both of them. The approach of the end of the constraint horizon causes these two prices to converge. In empirical work, intrinsic value is not discussed in this way because it is not directly observable. In the present study we do not directly consider theoretical models of the liquidity discount relative to intrinsic value, but we borrow from these models the concept that price differentials may fall as a known or unknown constraint horizon emerges. We also borrow the convention of expressing discount as a percentage of the (observable) freely traded price, rather than of the unobservable intrinsic value, which is actually fundamental to the theory.
The objective of our study is to investigate empirically the effects of trading constraints along with other empirical correlates on the relative prices of fully traded and restricted shares in the China Stock Market. This market has the largest pool of restricted assets in the world, and it offers the special feature that the restricted shares and fully traded shares in the same company always have identical dividend and voting rights, and differ only in liquidity. This paper is organised as following: data and methodology are introduced in the next section. We also introduce some background and features about the trading constraints in China Stock Market. Section three presents the statistical summary empirical investigation and analysis. Afterwards, we use a new benchmark NAVPS (Net Asset Value per Share) to study the price of restricted shares. In Section five, existing theoretical models are extended and applied to compare with empirical findings. Section six offers main finding and conclusion.
Data and Methodology

Background and Data
The China Stock Market provides a unique (and perhaps historically brief) opportunity for empirically investigating the effects of trading constraints on share prices. There are three categories of shares for every listed company in China: 1) State Shares, which are directly owned by Chinese government and effectively not freely traded; 2) Legal Person Shares, which are shares owned by corporations, including other shareholding companies, non-bank financial institutions (NBFIs) and Stateowned-enterprises (SOEs) and are very infrequently bought and sold between these, by special permission; 3) Ordinary Shares, which can legally be held by private individuals, and are effectively continuously traded in the Shenzhen and Shanghai Exchanges.
The three categories of shares in each company enjoy identical voting rights and dividends per share, and the only difference is that the trading constraints are imposed on first two categories of shares in order to prevent losing state direct and indirect control of those companies. Although the trading constraints affect a majority of all shares, they are not expected to remain permanently in place. The trading constraint has uncertainty in the proportion of restricted shares that can be transferred or In the earliest version of this paper, we used DataStream as the source of the prices of freely-traded shares, for comparison with the auction process of restricted shares.
However the resulting estimates of price discounts had very erratic distributions. On checking carefully, we found many errors in the price of freely-traded shares given by DataStream; hence we decided to use the prices of freely-traded shares from CCER, although the CCER sample has 1000 missed values compared with DataStream.
Methodology
The main hypothesis of our study is that restricted shares are priced at a discount relative to their freely-traded counterparty, but the goal was to establish the size of the discount and to look for correlates with the size of the discount, using candidate variables drawn from theoretical or previous empirical work.
In order to be consistent with the theoretical model by Longstaff (1995 Longstaff ( , 2001 Longstaff ( , 2006 , and us, we use the discount t D , rather than relative price as the dependent variable.
where t FP the price of is freely-traded shares and t RP is their restricted counterparty.
In selecting the potential empirical descriptive variables, we incorporate those in the empirical model by Silber (1991) . There are two categories of variables; firm specific and transaction specific variables.
Firm-specific Variables
P/B (Price of freely-traded share to Book Value) gives idea about whether investors pay too much for what would be left if the company went bankrupt immediately. A lower P/B ratio could mean that the stock is undervalued or is fundamentally wrong.
P/E (Price of freely-traded share to Earning) is popular measure of share's valuation.
The higher the ratio, the more favourable the share is. A high P/E Ratio reflects investors' expectation of a higher earning growth in the future compared to companies with a lower P/E.
FR:
The number of freely-traded shares divided by the total number of shares of the listed firm. It is a proxy of the marketability of firm's shares.
lnMC:
The natural logarithm of the market capitalisation of the freely-traded shares listed in exchange. It measures a company's total value of all A-shares 2 .
Volatility: It refers to the amount of risk about the change of a share's value. 
NAVPS: Net Asset
Transaction-specific Variables
RTT: the ratio of the number of restricted shares in the transaction relative to the total number of shares of the listed company.
SqRTT: the square of ARRT.
RTR: the ratio of the number of restricted shares in the transaction relative to the total number of restricted shares of the listed company.
T:
The number of years till trading constraints in China Stock Market is released. T is an ex post value in that it was unknown to all investors even to the government when those transactions occurred (because those transactions only happened before Division
Reform, until which the T was specified by government). We assume investor has a more or less accurate expectation of it i.e. it equals the length (in years) between the transaction day and 2010 when Division Reform finishes. Table 1 shows the mean transaction size of restricted shares in auction is 1,165,013
Empirical Findings
Descriptive Statistics
shares per transaction. RTT, the number of restricted shares auctioned relative to the total number of shares in the listed firm is 0.61% indicating that only a small proportion of shares involved and auctions are unlikely to lead to changes in the control of a listed firm. RTR, the number of restricted shares auctioned, relative to the number of restricted shares in the listed firm is also a small fraction, 1.00% only showing the permission of occasional auction is only for a small proportion of restricted shares. The medians of AT and AR are even smaller -both below 0.05%.
The trading constraint is not absolute but still very strict. Table 2 displays the overall descriptive statistics of the illiquidity discount observed in the auction. The D A ′ column is the illiquidity discount in auction is calculated based on the price of freely-traded shares the day before the auction.
The AD column is calculated based on the closing price on the announcement day. 
The Difference column shows the difference between those two discounts and calculated by:
implying the price of the freely-traded share increases on the auction of its restricted counterpart.
implying the price of the freely-traded share decrease on the auction of its restricted counterpart.
The average discounts one day before and after auction are 78.13% and 77.18%. Table 3 shows that the percentage discounts from one day before the auction are strongly correlated with all chosen variables; expect the volatility which is a proxy of On the contrary, the discounts vary positively with FR, RTT, RTR, P/B, P/E and T showing restricted shares from companies with bigger proportion of freely-traded shares is associated with bigger discount. Growth companies offer smaller discount.
Regression Model
In addition, with the approach to the Division Reform, the illiquidity discounts become small. The third column shows the difference between discounts from one day before the auction and from the auction day. This negatively varies with Exchange, Profit, lnMC, NAVPS, Age and T indicating that transaction of restricted shares from companies listed in Shanghai, with normal profit, with bigger market capitalisation, with higher net asset value per share, or with bigger age tend to decrease the price of their liquid counterparts.
The table 4 shows for both discounts from the day before announcement and those from the auction day, nine explanatory variables left after the filtering steps of stepwise method used to build our regression model. The intercepts and all significant variables from 1st and 2nd column are with same signs. This fact is not surprising in that those two discounts are close.
Discounts from company listed in Shanghai Exchange are 3% smaller than discounts from those listed in Shenzhen Exchange. The reason might be caused by the characteristics of those two exchanges: Companies listed in Shanghai normally with greater market capitalisation. Natural logarithm of market capitalisation is an explanatory variable in our model. The sign of its coefficient is consistent with the sign of Exchange. It is possible that both variable measures same characteristics of companies. Moreover, transactions volume in Shanghai Exchange is greater. Volume is a proxy of liquidity although different from the type of illiquidity we address in this paper. High trading volume is associated with price premium and consequently larger discount. If this is the case, the result contradicts to the finding. A possible explanation could be investors believe those two types of illiquidity are linked in a positive way, so they offer a higher price on those restricted shares whose liquid counterparts enjoy higher degree of liquidity in terms of high trading volume.
The sign of FR is not as we expect: If the company has a higher proportion of freelytraded shares, when its restricted shares become freely-traded, the freely counterparts are under less pressure of dilution. A possible explanation is that, normally companies with high FR are small in market capitalisation. FR and RTR does not significant showing that the proportion of shares involved in the transaction does not matter. Sq-RTT is an explanatory variable to capture the effects that the transaction price positively varies with the proportion until when the proportion reach a level that makes the purchaser obtain the control of this company. The effect does not appear significantly in the sample. The possible reason is that as showed in Table 1 proportion involved in auction is generally too small to lead change in control.
B/P has a small negative influence on the discount showing that discounts from growth companies are smaller. NAVPS and Dividend both have negative coefficients indicating that company with one more unit of NAVPS lead 1.66% smaller discount and company with one unit increase of dividend yield lead 1.58% decrease in discount.
With every one year aged, the discount decreased by 1.80%.
Volatility is an important variable in theoretical model. For a single asset, the level of volatility determines the opportunity cost for being restricted; for portfolio, the level of volatility determines the optimal portfolio strategy and consequently the discount.
As we expected, higher volatility lead to larger discount. T is another variable in all theoretical models to capture the main characteristics of the trading constraints. Consistent with theoretical model, it has a positive influence on the discount. With a bigger T, the investors lose more in that they cannot rebalance the portfolio to take advantage of the price increase and prevent deep loss in decrease.
The third column shows that auctions of restricted shares from older companies and those with bigger proportion of freely-traded shares raise the price of freely-traded shares, whereas auction of restricted shares from companies with high NAVPS decrease the price. Moreover, with approach of Division Reform, the influence of auction on freely-traded shares decreases. In general however, beyond these small effects, the market reacted little to the announcements of auctions. This may reflect the small fraction of shares sold in the auctions, which might have had little economic effect at all, but it may also reflect efficient pricing of the shares.
An Alternative Measurement
In the China Stock Market, a benchmark often used to estimate the lower bound on the value of restricted shares is Net Asset Value per Share. This measure (although lacking any obvious economic foundation) is frequently discussed in the press and by regulatory commission who approve occasional transaction of restricted shares. We therefore tested NAVPS as a possible metric for comparing the relative prices of restricted shares and freely-traded shares. Table 5 shows that freely-traded shares are priced at a premium of 1000.39% relative to NAVPS. The premiums from restricted shares are much smaller: only 126.73% indicating that restricted shares are priced one fourth greater than their NAVPS. The difference between them is huge, namely 877.46% showing that due to imposed trading constraints, the premium from restricted shares is around one ninth of that from freely-traded shares. This in effect confirms the finding from other sources that the discount (unweighted by size of transaction) is a large fraction of the price of the fully traded shares. Table 6 shows the regression model. Difference from the model based on discount, all dummy variables here are significant, two key variables (T and volatility) in theoretical models are not significant, and RTT becomes significant. 
Comparison with Theoretical Results.
Upper Bound of Illiquidity Discount
Longstaff (1995ab) presents a simple analytical upper bound for the illiquidity discount. Consider there is only one risky asset with price of t S traded in the economy with dynamics:
where µ and σ are constants and Z is a standard Brownian motion.
Assume an investor endowed with one unit of asset who is planning to maximise wealth at some time horizon T. A hypothetical investor with perfect market timing ability can sell the asset and reinvest in the riskless asset so as to maximise the wealth at time T, calling this U T where
where t could be any time between 0 and T, r is the interest rate. As showed in the function (6), the investor is only allowed to change his position once.
However, if during the period from time 0 to T, a trading constraint is imposed on this investor, he cannot change his position at all and must receive cash flow worth T S at the end of constraint horizon T. The difference between T U and T S is the incremental cash flow the investor would receive if trading constraint is released i.e. the upper bound on the value of being unrestricted. Its present value at time 0 is
where S is the value of the asset at 0 t and r is interest rate.
By using the density function for the maximum of a Brownian motion over an interval of length T (Harrision 1985), the close-form solution for the upper bound is obtained: The gap between empirical discount and upper bound is still greater than the gap between US empirical discount for letter stocks and the Longstaff (1995) upper bound.
The US gap is so small that Longstaff (1995) argues that his upper bound is tight, and actually provides useful an approximation to the empirical value of marketability for US letter stocks. It is not surprising because the hypothetical investor in the model does not have such perfect timing ability which can make him sell the share at the highest price over T, but rationality to trade. Moreover, the investor is only allow to trade freely-traded shares once, particularly from the position of risky asset to riskless asset making the investor cannot make as much money as he could make if he can change position freely between those two types of assets and can borrow money.
Those two assumptions limited the potential of wealth growth during from 0 to T and make the obtained upper bound close to the empirical discount.
For our sample, however, the T for restricted shares in China is much longer than T for letter stocks. With a 10-year constraint horizon T, shares with volatility greater than 0.3 have a Longstaff (1995) upper bound on their illiquidity discount close to 100% i.e. the price of a restricted share is close to 0. The empirical discount is far smaller. For a large T, the assumption of the model that assuming volatility is constant is less likely to be fulfilled; hence, the obtained upper bound is questionable. This may also because the holders of restricted shares are mostly agencies of the Chinese government whose investment horizon is presumably long, and they were obliged to continue holding the shares in state owned enterprises, in order to allow the Chinese government to continue to control these SOEs. Transfers of restricted shares between
Chinese agencies at prices close to zero were rare, and may represent bureaucratic transfers of power between agencies, rather than either rational trading as the Longstaff upper bound might suggest or the abuse of economic power. Moreover, different from the scale of letter stocks, the scale of restricted shares in China is in big scale accounting for around one third of total number shares in the market making the alternatives of investment are limited, hence investors have to keep holding restricted shares.
As an alternative to assume 
(S,T) in equation (8). The implied E[T] is the length of trading
constraint required to equate the Longstaff (1995) upper bound to the illiquidity discount seen in empirical data. In this case, because our observed discount is around 77%, the implied T is 6 to 7 year, with variance 0.3. This implied T is shorter than real T, hence it is possible that when Chinese agencies were trading with each other before 2005, they may have been acting as rational profit maximisers, but were too optimistic about how soon trading constraints would be released.
Optimal Portfolio Choice and Illiquidity Discount
Different from the Longstaff (1995) framework in which investor can only change position once on freely-traded asset and in which vitality is constant, a continuoustime trading framework involving two assets with stochastic vitality in the economy is proposed by Longstaff (2001) . The first asset is a riskless money market account with price ) (t B and interest rate 0 ) ( = t r . The second asset is risky with instantaneous stochastic volatility of returns follows the dynamic process
where σ is a constant and ) ( 1 t Z is a standard Brownian motion.
The second asset has price dynamics given by:
Where µ and λ are constants, 
The utility of terminal wealth is expressed as:
Equation (14) and (15) provide a complete solution to the investor's portfolio choice problem in this stochastic volatility framework without trading constraints. When trading constraints is imposed, we assumed that the investor cannot trade any shares within the constraint horizon.
In this case, the investor's derived utility of wealth is expressed as
Where the number of assets the investor can trade per period 0 We normalise the initial values of 0 W and 0 S to 1. Second, we simulate 100,000 paths of V and S using the standard Euler approximation to the dynamics of the volatility and share price in equation (9) and (10).
Third, we assign all possible initial portfolio weight ) 0 
The largest average terminal value must be give by the optimal initial portfolio weight ) 0 ( * w , which equal to 0 N .
Existence of trading constraint reduces the derived utility of wealth:
In order to make an investor hold the restricted asset, compensation must be offered. The illiquidity is expressed as: V and σ . The initial optimal portfolio weight is negatively related to the initial volatility of share price. For T=1, with the increase of initial volatility, investor put 100% to 19% initial wealth on risky asset. This decrease is not obvious when initial volatility smaller than 0.4.σ also negatively influences ) 0 ( * w in most cases.
The size of decrease is bigger for 0 V larger than 0.4, whereas it for extreme small and large 0 V the corresponding change of ) 0 ( * w is small. T is also an proxy for the illiquidity risk: when T is bigger, there are of more uncertainty. As it shows, larger T is associated with smaller initial weight i.e. investor put less initial wealth in risky asset when the level of uncertainty is bigger. Table 9 summarises the illiquidity discount for different V and σ under optimal portfolio strategy. Unlike the positive relationship between discount and V in Longstaff (1995) model, it is negative in Longataff (2001) . The reasons that the framework of Longstaff (1995) does not allow borrow and continuous rebalance at every time step for freely-traded assets but the framework of Longstaff (2001) does.
In the framework, when volatility changes, µ does not, implying that the investor can enjoy same return with smaller risk. In this case, investor borrows a lot to invest in the asset, the portfolio return is huge. Particularly, when the volatility is smaller than 0.3, investors borrow money to invest in risky asset, whereas when the volatility is greater than 0.5, only less than 20% initial wealth is put into risky asset. On the contrary, investor cannot take a leverage position when trading constraint is imposed, σ is positively related to discount in most cases. Biggerσ makes bear higher risk for being restricted. The effect of T on illiquidity discount is negative as well: with a longer constraint horizon, the illiquidity discount is deeper.
It is also important to note that, although ) 0 ( Table 10 .
For those investors whose portfolio weight after endowment is not optimal, the discount is bigger than what suggest in Table 9 . However, this effect is offset by another fact that those such as agencies of government and SEOs are very patient: in order to keep control of SOEs, they do not sell shares or do rebalance even they are allowed to do so. Our next paper will take subjective discount rate into the model.
Furthermore, investor cannot borrow as much as he/she wants to invest in the stock market in China i.e.
. In this case, investor cannot borrow to invest in risky asset even when the volatility is low leading to a smaller utility of the liquid benchmark. Consequently, the discount is smaller that what suggests in Table 9 . Unlike the previous problem of tradability at 0 t , the problem cannot solved
into the numerical process because ) (t w itself already allow for the possible borrowing in future. We need a new solution for the optimal portfolio weight. We will address this issue in our another paper.
Conclusion
By using the most complete set of available data on auctions of restricted shares in China, we examined the price discounts of the restricted shares relative to their otherwise identical freely-traded counterparts. We find that restricted shares were priced at a deep discount of around 77% relative to their freely traded counterparts and price freely-traded shares decrease slightly when their restricted counterparts are involved in an occasional transaction. Our empirical model is not totally consistent with previous empirical one by Silber (1991) reflecting some difference of characteristic of restricted shares in China and in the US. This paper is first piece of empirical work testing the effects of trading constraints on illiquidity discount and confirmed the theoretical findings of Longstaff (1995 Longstaff ( , 2001 Longstaff ( , 2005 that the length of the constraint horizon T and the volatility positively affects the illiquidity discount of restricted shares. In the end, we make some comparison between empirical and theoretical models and between different theoretical frameworks, and then give some possible explanations for the difference. Empirical and theoretical investigation the effects of releasing trading constraints will be addressed in our further study. 
